Introduction
According to B.-Y. Chen [5] , to establish simple relationship between the main intrinsic invariants and the main extrinsic invariants of a Riemannian submanifold is one of the fundamental problems in the submanifold theory. For a submanifold of a Riemannian manifold, the main intrinsic invariants include Ricci, scalar and k-Ricci curvature, while the most important extrinsic invariants are the shape operator and the squared mean curvature. In [6] , B.Y.Chen found a relationship between the sectional curvature function and the shape operator for submanifolds in real space forms. In [7] , he also gave a sharp inequality for a submanifold in a real space form involving the Ricci curvature and the squared mean curvature as follow Motivated by these circumstances, in this paper we study the submanifolds tangent to the structure vector field (Reeb vector field) ξ in a conformal Sasakian manifold of a conformally Sasakian space form. and establish a basic inequality between the main intrinsic invariants including scalar curvature and Ricci curvature, and their main extrinsic invariants, namely squared mean curvature of these submanifolds.
The paper is organized as follows. In Section 2, we review the notion of Ricci curvature, Sasakian space form and a brief account of submanifolds. In Section 3, we give some basic results about conformal Sasakian manifolds. In Section 4, we establish the inequality involving Ricci curvature and the squared mean curvature for certain submanifolds of a conformal Sasakian space form, while Section 5 is devoted to establish the inequality involving scalar curvature and the squared mean curvature. The equality cases are also discussed.
Preliminaries
2.1. Ricci curvature. Let (M, g) be an m-dimensional Riemannian manifold and ∇ the Riemannian connection. The curvature tensor is a (1, 3)-tensor defined by [14] R
Using the metric g we can change this to a (0, 4)-tensor as follows
Let p ∈ M , the (0, 2)-tensor of Ricci is defined by
The sectional curvature of a plane section spanned by the linearly independent vectors {X, Y }, denoted by K(X, Y ), is given by
If {e 1 , . . . , e m } be any orthonormal basis for T p M , then
If X ∈ T p M is a unit vector and we complete it to an orthonormal basis {X, e 2 , . . . , e m } for T p M , then
The sectional curvature of a plane section spanned by orthonormal unit vectors e i and e j at p ∈ M , denoted K ij , is [10] K ij = R(e i , e j , e j , e i ) .
For a fixed i ∈ {1, . . . , m}, the Ricci curvature of e i , denoted Ric(e i ), is given by
Moreover, the scalar curvature is the trace of Ric and denoted by τ . τ depends only on p ∈ M and is therefore a function, τ : M → R and defined as follow
Ric(e i ) .
From (2.3) and (2.4), we have
Thus for each fixed e i , i ∈ {1, . . . , k} we get 
for any X, Y ∈ T M . The 2-form Φ is called the fundamental 2-form in M and the manifold is said to be a contact metric manifold if Φ = dη.
The almost contact structure of M is said to be normal if [ϕ, ϕ] + 2dη ⊗ ξ = 0, where [ϕ, ϕ] is the Nijenhuis torsion of ϕ. A Sasakian manifold is a normal contact metric manifold. It is easy to show that an almost contact metric manifold is a Sasakian manifold if and only if
A plane section π in T p M is called a ϕ-section if it is spanned by X and ϕX, where X is a unit tangent vector orthogonal to ξ. The sectional curvature of a ϕ-section is called a ϕ-sectional curvature. A Sasakian manifold with constant ϕ-sectional curvature c is said to be a Sasakian space form and is denoted by M (c).
The curvature tensor of M (c) of a Sasakian space form M (c) is given by [2] 
The equation of Gauss is given by
for all X, Y , Z, W ∈ T M , where R and R are the curvature tensors of M and M , respectively.
The mean curvature vector H is given by H
The relative null space of M at p is defined by [7] 
which is also known as the kernel of the second fundamental form at p [8] .
For any X ∈ T M , we write ϕX = P X + F X, where P X (resp. F X) is the tangential component (resp. normal component) of ϕX. Similarly, for any
Then the following statements are true:
where
(ii) The equality case of (2.8) is satisfied by a unit vector
(iii) The equality case of (2.8) holds for all unit vectors X ∈ T p M if and only if either (1) p is a totally geodesic point or (2) m = 2 and p is a totally umbilical point.
Almost semi-invariant submanifold.
We recall the definition of an almost semi-invariant submanifold as follows (cf. [11] , [15] ).
A submanifold M of an almost contact metric manifold M with ξ ∈ T M is said to be an almost semi-invariant submanifold of M if there are k distinct functions λ 1 , . . . , λ k defined on M with values in the open interval (0, 1) such that T M is decomposed as P -invariant mutually orthogonal differentiable distributions given by
If in addition, each λ i is constant, then M is called an almost semi-invariant submanifold.
An almost semi-invariant submanifold becomes (a) A semi-invariant submanifold [1] If M is an almost semi-invariant submanifold of an almost contact metric manifold M , then for X ∈ T M we may write [11] 
We also have
which implies that
In particular, if M is a m-dimensional θ-slant submanifold, then λ 2 1 = cos 2 θ and we have
Conformal Sasakian manifolds
) is a Sasakian manifold.
Example 3.1. Let R 2n+1 be the (2n + 1)-dimensional Euclidean space endowed with the almost contact metric structure (ϕ, ξ, η, g) defined by
It is easy to show that (R 2n+1 , ϕ, ξ, η, g) is not a Sasakian manifold, but R 2n+1 with the structure ( ϕ, ξ, η, g) given by
is a Sasakian space form with the ϕ-sectional curvature equal to −3.
Let ∇ and ∇ are the Riemannian connections on M with respect to the metrics g and g, respectively. Using Koszul formula, we derive the following relation between the connections ∇ and ∇ (3.1)
where ω(X) = X(f ) and g(ω , X) = ω(X). By using (3.1), we get the relation between the curvature tensors of (M , ϕ, η, ξ, g) and (M , ϕ, η, ξ, g) as follow Let K ij and K ij denote the sectional curvature of the plane section spanned by e i and e j at p in the submanifold M and in the ambient manifold M , respectively. Thus, K ij and K ij are the intrinsic and extrinsic sectional curvature of the equation (2.7),we have [10] (3.3)
From (3.3) it follows that
denote the scalar curvature of the m-plane section T p M in the ambient manifold M . Thus, τ (p) and τ (T p M ) are the intrinsic and extrinsic scalar curvature of the submanifold at p, respectively. A (2n + 1)-dimensional conformal Sasakian manifold with constant sectional curvature c, denoted M (c), is called a conformal Sasakian space form, and from (3.2), we get its curvature tensor as follow
for all X, Y, Z, W tangent to M (c).
Theorem 3.2. Let M be a submanifold of a conformal Sasakian space form M (c) such that ω , ξ ∈ T M . If p ∈ M is a totally umbilical point, then p is a totally geodesic point and hence ϕ(T
Proof. For a conformal Sasakian space form we have
By the Gauss formula for the submanifold M of a conformal Sasakian space form M (c) such that ω , ξ ∈ T M , and comparing the tangential and the normal part of (3.6), we get
Now, let p ∈ M be a totally umbilical point. Then, we get
which shows that h(X, Y ) = 0 for all X, Y ∈ T p M , that p is a totally geodesic point. Since p is a totally geodesic point, therefore we have 
for any unit vector X ∈ T p M .
Proof. From (3.3), we get
From (2.5), (4.2) yields to
In view of (3.5), we have
Now by substituting (4.4) in (4.3), we obtain
Since, we can choose e 1 = X as any unit vector in T p M . Therefore the above equation implies (4.1). For proving the statement (ii) we note that minimality at p means H(p) = 0. So, in view of (4.7), (4.8) and (4.9), we conclude that X lies in the relative null space of M and either m = 2 or ω be orthogonal to X. 
(i) ω(X) = 0 ( means df in the direction of X is zero).
(
ii) The mean curvature vector H(p) vanishes.
(iii) The unit vector X belongs to the relative null space N p .
(iv) The unit vector X satisfies the following equality case 
Proof. Assume that the equality case of (4.1) is satisfied for all unit vectors X ∈ T p M , in view of (4.7), (4.8) and (4.9), we have 
Now, we need the following lemma Proof. From (3.1) and Gauss formula, we have
Now by comparing the tangential part and the normal part, we get
We note that ω is tangent to M , so we obtain 
(ii) The equality case of (4.13) holds for all X ∈ {ξ} 
Proof. Put η(X) = 0 in (4.1) to get (4.13). Rest of the proof is straightforward.
(ii) For each unit vector X ∈ D ⊥ p , we have
, then η(X) = 0 and P X 2 = 1. Now by using the inequality (4.1) we prove (i). For proving (ii), we note that in this case P = 0, rest of the proof is similar to (i). Proof. By putting P = 0 in (5.3), we get (5.6). For proving (ii), Let M is invariant and ω ∈ T M so from Lemma 4.6, it follows that M is minimal at p. The rest of the prove is straightforward.
